The paper [3] proved a necessary algebraic condition for a Banach algebra A with finite-dimensional radical R to have a unique complete (algebra) norm, and conjectured that this condition is also sufficient. We extend the above theorem. The conjecture is confirmed in the case where A is separable and A=R is commutative, but is shown to fail in general. Similar questions for derivations are discussed.
Introduction
This paper is concerned with the question of uniqueness of norm -the question of when a Banach algebra has a unique complete norm, which means, by definition, that each complete algebra norm on the algebra is equivalent to the given norm. A celebrated theorem of Johnson ([6] , [2, Chapter 5.1.6]) states that each semisimple Banach algebra has a unique complete norm. However, it has been known for a long time that even a commutative Banach algebra with 1-dimensional radical may fail to have this property; the first such example is due to Feldman (see [2, Chapter 5.4.6] ). There are other conditions that such an algebra needs to satisfy.
The question of uniqueness of norm for algebras with finite-dimensional radical has been discussed in [11] , [12] , and also implicitly in [4] (see also [2] ). The most thorough treatment of this problem has been, however, in [3] . There, the authors propose necessary and sufficient algebraic conditions for a Banach algebra with nonzero, finite-dimensional radical to have a unique complete norm. They proved the c 2006 Australian Mathematical Society 1446-8107/06 $A2:00 + 0:00 280 Hung Le Pham [2] following theorem (see [3, It was conjectured in [3] that the converse of the above theorem holds. This conjecture was proved under various additional hypotheses, but, in its generality, was left unresolved.
In Section 3, we give a new proof of the above theorem. Moreover, we extend the result by proving that the algebra in consideration actually has a discontinuous automorphism. In Section 4, the conjecture is proved in the case where the algebra A is separable and the quotient A .rad A/ is commutative. This resolves the question, left open in [3] , of uniqueness of norm for an interesting class of algebras. Finally, in Section 6, we construct a counter-example to show that the conjecture fails, even in the case where the algebra is separable and the radical is 2-dimensional.
It should be remarked that, for an algebra A with finite-dimensional radical, if A is separable with respect to a complete algebra norm, then A is separable with respect to each complete algebra norm (see [3, Proposition 3 
.16]).
There is a related question about the automatic continuity of derivations. It is proved in [8] that derivations on each semisimple Banach algebra are continuous. We consider two automatic continuity problems; one is for derivations on Banach algebras with finite-dimensional radical and the other is for derivations from Banach algebras into finite-dimensional Banach modules. Our results on these problems are 'in parallel' to those on the uniqueness-of-norm problem. Moreover, the results on constructing discontinuous automorphisms are all derived from similar results on constructing discontinuous derivations (see Section 3 and Section 6).
There is another related topic, the Wedderburn decomposition of Banach algebras with finite-dimensional radical, which was developed in [7] . However, we do not cover this topic here.
In summary, we prove the following 'characterization' theorems. When A is non-unital we can always consider A # -the unitization of A. 
Preliminaries
First, we recall some terminology explained in [3] ; see also [2] . Let A be an algebra. For two subspaces E and F in A, we denote by E F the linear span of the set {ab : a ∈ E; b ∈ F}.
A minimal radical ideal of A is a minimal non-zero ideal of A that is contained in rad A, the radical of A. In each non-zero and finite-dimensional ideal contained in rad A, we can always find a minimal radical ideal.
When rad A = R is finite-dimensional, there exists n ∈ N such that R n = {0} and, for each minimal radical ideal K , we have R K = K R = {0}. Let A and B be algebras. Recall that an A-B-bimodule X is minimal if X is nonzero and has no other non-zero submodule, and is simple if, furthermore, AX B = 0. For a finite-dimensional, simple A-B-bimodule X , there exist l; r ∈ N such that A= X ½ ∼ = M l and B= X ² ∼ = M r and, when considered as an M l -M r -bimodule, X is isomorphic to M l;r ; see, for example, [2, page 65] . The module M l;r is the unique simple M l -M r -bimodule (up to isomorphism).
Each unital M l -M r -bimodule can be considered as a unital left M lr -module, and hence each unital M l -M r -bimodule is semisimple, so that it is an algebraic direct sum of its simple submodules, or equivalently, each of its submodules is an algebraic direct summand (in M l -mod-M r ). For the semisimplicity of unital left M n -modules see, for example, [9, pages 28, 33] .
The following are standard results from automatic continuity theory; for details, see [2] . Let T : E → F be a linear operator from a Banach space E into another Banach space F. The separating space of T , denoted by Ë.T/, is defined as v ∈ F : there exists a sequence .u n / ⊂ E with u n → 0 and T .u n / → v : 
Construction of discontinuous derivations and automorphisms
In [3, Theorem 2.2], the authors construct directly, on a Banach algebra A, a complete algebra norm that is not equivalent to the given norm when A satisfies certain algebraic conditions. Theorem 3.3 below, extends that theorem by providing a discontinuous automorphism of A (as well as a discontinuous derivation on A). The method is to construct a discontinuous automorphism out of a certain derivation.
First, we construct a discontinuous derivation from a Banach algebra A into a finite-dimensional Banach A-bimodule. 
Then there exists a discontinuous A-mod-A homomorphism T from Y
⊥ =I can be considered as a unital A=Y ½ -A=Y ² -bimodule. As discussed in Section 2, we have that both A=Y ½ and A=Y ² are isomorphic to some full matrix algebras, and that Y ⊥ =I is an algebraic direct sum of simple A=Y ½ -A=Y ² -submodules. Since Y ⊥ =I has infinite dimension, there exist distinct such simple submodules, say E n (n ∈ N). For each n ∈ N, let T n be an A=Y ½ -mod-A=Y ² homomorphism from Y ⊥ =I onto Y such that T n is an isomorphism from E n onto Y and zero on the remaining submodules. Let ³ :
The Baire category theorem applied to the Banach space Y ⊥ then shows that ker.T n0 •³/ is not closed for some n 0 ∈ N. Hence, by setting T = T n0 • ³ , we obtain the desired map T . Consider the following two cases. 
PROOF. Let e ∈ A be such that
where 
where Þ i j ∈ C for 1 ≤ i; j ≤ l, þ st ∈ C for 1 ≤ s; t ≤ r , and u ∈ Y ⊥ . Let F 1 be the linear span of In particular, A has a complete algebra norm which is not equivalent to the given norm.
PROOF. (i)
Since K is a minimal radical ideal, we have R K = K R = {0}. Thus K can be considered as a minimal A=R-bimodule. We see that A=R and K satisfy the hypothesis of Theorem 3.2, so there exists a discontinuous derivation
The map a → Â.a/ , A → R + , is an algebra norm on A, easily seen to be complete, and is not equivalent to the given norm.
Banach algebras having a unique complete norm topology
In this section, we prove the mentioned conjecture for separable Banach algebras with finite-dimensional radical under some additional hypothesis. In particular, we prove the conjecture in the case where A is separable and A=.rad A/ is commutative. This case was proved in [3] under the additional hypothesis that either rad A is central or .rad A/ 2 = {0}. Part of our argument is an extension of the argument in [3] . Our approach is to use separating spaces as well as continuity ideals to prove the continuity of certain homomorphisms.
Let A be an algebra. A composition series of an A-bimodule X is a chain X = X 0 ⊃ X 1 ⊃ X 2 ⊃ · · · ⊃ X s−1 ⊃ X s = {0} of submodules of X such that, for each 1 ≤ i ≤ s, the A-bimodule X i−1 = X i is minimal. We introduce the following concept. DEFINITION 4.1. An admissible series for an A-bimodule X is a chain
of submodules of X such that the ideals . A finite-dimensional A-bimodule X always has a composition series. 
It then follows that
where p j · X i (1 ≤ j ≤ k) and 1− k j=1 p j · X i are easily seen to be A-B-bimodules, and each p j · X i is non-zero. Therefore, by the assumption on X i , we must have that either k = 0 or k = 1. Thus A i is either radical or local; in the later case we must have
The assertion (ii) is proved similarly. 
PROOF. That (b) implies (c) is obvious, and that (c) implies (a) follows from Lemma 4.2. We prove (a) implies (b).
Suppose that (a) holds. Set B = A= X ⊥ , so that B is a commutative algebra. Let X = This completes our proof. DEFINITION 4.6. Let A be an algebra with a finite-dimensional radical R. We say that A satisfies the A-property if the A-bimodule R ∩ R ⊥ has an admissible series.
That (a) implies (b) from following proposition, in the case where R 2 = {0}, was implicit in the proof of [3, Theorem 3.13] (in fact, the argument there can be modified to work in the general case of (a) implies (b); our proof is different but still follows the idea of [3] PROOF. This is a corollary of Proposition 4.5, since each minimal radical ideal K is contained in R ∩ R ⊥ . The next result is an extension of Corollaries 3.7-3.9 in [3] . We cannot use an induction scheme (like the one provided by [3, Theorem 3.6] ) to prove the next theorem, as was the case for those corollaries. REMARK. Theorem 4.10 and Proposition 4.7 still hold with the much weaker hypothesis that 'A R + R ⊥ is commutative' instead of the hypothesis that 'A=R is commutative' (with the same proofs). The algebra A R + R ⊥ is 'only' finite-dimensional.
LEMMA 4.8. Let A be a separable Banach algebra, and let E and F be closed linear subspaces of A with E F having finite codimension in A. Then E F is closed

The continuity of derivations
Recall that we are interested in two classes of derivations: derivations on algebras with finite-dimensional radical, and derivations from algebras into finite-dimensional bimodules. The proofs in this section are similar to those in Section 4. REMARK. In [5] , a Banach algebra A is constructed whose square A 2 has finite codimension, but is not closed. Let X = C with trivial A-bimodule actions. Then A= X ⊥ = 0. Thus A and X satisfy the hypothesis of Corollary 5.3 except for the separability of A. However, any discontinuous linear functional that is zero on A 2 is a discontinuous derivation from A into X . This shows that the separability condition in the hypothesis of the previous corollary and theorem is necessary. We shall see later that the commutativity condition is also necessary (Theorem 6.1). (Un)fortunately, the algebra A is neither commutative nor has finite-dimensional radical. Therefore we cannot say anything about the separability hypothesis in other results. Now we consider derivations on Banach algebras. It is proved in [8] PROOF. We can assume that A is unital with the identity denoted by e. For each primitive ideal P in A, define ³ P to be the natural projection from A onto A=P.
Assume towards a contradiction that Ë.D/ ⊂ R. Then Ë.D/ ⊂ P 1 for some primitive ideal P 1 in A, which is equivalent to the discontinuity of ³ P1 D. By [8, Theorem 3.3] , we have ³ P D is continuous for all except finitely many primitive ideals P i (1 ≤ i ≤ n), and each P i has finite codimension in A (hence is maximal). Now, let P 0 be the intersection of all the primitive ideals P different from P i (1 ≤ i ≤ n). Then
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is a maximal ideal in
A, we see that P 0 + P 1 = A. In particular, we have e = p 0 + p 1 , where p 0 ∈ P 0 and p 1 ∈ P 1 . Then e = e 2 = p + p REMARK. The results in this section hold without modification for a more general class of operators, the intertwining operators. Let A be a Banach algebra. A linear operator T from a Banach A-bimodule X into a Banach A-bimodule Y is said to be intertwining over A if, for each a ∈ A, the maps
both from X to Y , are continuous; see, for instance, [2, Chapter 2.7.1]. Thus each derivation from A into a Banach A-bimodule is an intertwining operator.
The general case of dimension at least two
In this section, we present a counter-example to the main conjecture in [3] mentioned in Section 1.
For a separable Banach algebra A with 1-dimensional radical R, the only minimal radical ideal is R itself. We see that the conjecture holds in this case; A has a unique complete norm if (and only if) R ½ R ² has finite codimension in A, by Theorem 4.9 (and 3.3) or by [3, Corollary 3.9] . However, for greater dimensions, even for dimension 2, the problem becomes more complicated. In [3, Example 5.5], a separable, unital Banach algebra with 2-dimensional radical was successfully constructed, which satisfies the hypothesis of the conjecture, but not the hypothesis of any result in [3] (nor does it satisfy the hypothesis of our results); the construction is rather involved. Yet it was proved directly that this algebra has a unique complete norm.
Our example will be a separable, unital Banach algebra with 2-dimensional radical (showing that the conjecture fails for each dimension greater than 1). Following the approach of our previous construction, we first construct similar examples for the problem of derivations from Banach algebras into 2-dimensional Banach modules, and then for the problem of derivations on Banach algebras with 2-dimensional radical. The following provides a counter-example to the conjecture. is a separable, unital Banach algebra with rad = X . We extend D by linearity to the whole of by mapping X to 0. Then we obtain a discontinuous derivation on . Define
Then it is easily seen that Â is a discontinuous automorphism on . The map
gives a complete algebra norm, say ||| · |||, on , and ||| · ||| is not equivalent to the given norm · . Finally, condition (a) follows from Theorem 6.1 (a). Giving A the`1-norm, we obtain a separable, unital Banach algebra (with the identity given by the identity of M u 2 ), and that M 2 .B/ is a closed ideal of A. We see that A has the following two obvious characters:
We claim that A is semisimple. Indeed, let
Then, since '.a/ = .a/ = 0, we must have Þ = = 0. We next see that Since B cannot have a right identity, we must have þ = 0, and then, since B is semisimple, we see that u = 0. Thus, we have proved that rad A = {0}. It can be verified that D is a derivation.
Conclusion
It remains open to determine conditions that are both necessary and sufficient for a (separable) Banach algebra with finite-dimensional radical to have a unique complete norm. We have seen that the necessary condition (in the unital case) 'for each minimal radical ideal K , the ideal K ½ K ² has finite codimension' is not sufficient. Our construction is, however, not 'systematic' enough to provide a clue on finding and proving additional necessary conditions.
